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We study the (1+1) dimensional generalized Dirac oscillator with a position-dependent mass. In
particular, bound states with zero energy as well as non zero energy have been obtained for suitable
choices of the mass function/oscillator interaction. It has also been shown that in the presence of
an electric field, bound states exist if the magnitude of the electric field does not exceed a critical
value.
I. INTRODUCTION.
Dirac oscillator (DO) [1] is one of a very few relativis-
tic systems which admits exact solutions. After it was
introduced, the DO and its various generalizations have
been widely studied [2–7]. One of the areas where the
DO has found most applications is quantum optics. It
has been shown that the Jaynes-Cummings and some of
their generalized versions can be related to the DO sys-
tem [8–11]. Recently, the DO in (1 + 1) dimensions has
also been realized experimentally [12], and a proposal
for experimentally observing a two dimensional DO sys-
tem in a single trapped ion has also been put forward
[9]. A recent interesting paper [13] considers a classi-
cal wave analogue of the DO based on light propagation
in engineered fiber Bragg gratings. In this scenario the
mass in DO becomes position dependent and is related
to the refractive index. In this context we would like to
mention that the lower dimensional Dirac equation with
a position dependent mass has also found applications
in electronic optics in graphene [14]. In this work our
objective is obtain solutions of the DO with a position
dependent mass with/without an electric field. It will
be seen that the effect of the electric field is to destroy
the bound states and there exists a critical field beyond
which bound states do not exist. Another aspect which
we shall explore is the possibility of finding zero energy
states. It will be shown that for a number of physically
acceptable mass functions, exact zero energy states can
be found.
II. THE MODEL AND SUSY FORM
The DO in the presence of a position dependent mass
and a potential is given by (in units of c = h¯ = 1)
[σx(px − iσzf(x)) + σzm(x) + V (x)− E] ψ(x) = 0, (1)
where ψ =
(
ψ1
ψ2
)
.
As it is difficult to find exact solutions of Eq. (1) for
general functions of f(x),m(x) and V (x), so in this paper
we shall restrict ourselves to the following situations.
Firstly, we consider the case in which these three func-
tions are all proportional to a function W (x), i.e.,
f(x) = κfW (x), m(x) = κmW (x), V (x) = κvW (x),
(2)
where κf , κm and κv are real constants [3, 15]. In this
case, the Dirac equation can be cast into a supersymmet-
ric (SUSY) quantum mechanical form, and hence exact
solutions can be obtained by matching W (x) with a suit-
able superpotential of the well-known SUSY models as
classified in [16]. General idea of this connection is dis-
cussed in this section, and some representative examples
presented in Sect. III and IV.A.
Secondly, we shall consider Eq.(1) without the con-
straint (2). In this general case exact solutions for all
energies are difficult to obtain. Noting the fact that zero
energy states are of interest in condensed matter systems
such as graphenes [17–27], we shall therefore investigate
possible zero energy solutions of Eq. (1) in Sect. IV.B
and V.
Eq.(1) can be written as
[σxpx − σyf(x) + σzm(x) + V (x)− E]ψ(x) = 0. (3)
It is seen that the component spinors are entangled. To
disentangle the components, we make the ansatz [3]
ψ(x) = [σxp− σyf(x) + σzm(x)− V (x) + E]ψ˜. (4)
This leads to [
p2x + f
2(x) +m2 − (E − V (x))2
−σzf
′(x)− σym
′(x) + iσxV
′(x)] ψ˜(x) = 0, (5)
where prime denotes derivative with respect to x.
With Eq. (2), we have[
p2x +
(
κ2f + κ
2
m − κ
2
v
)
W 2 + 2κvEW
− (σzκf + σyκm − iσxκv) W
′] ψ˜ = E2ψ˜. (6)
The eigenvalue problem of the matrix (σzκf + σyκm −
iσxκv) is
(σzκf + σyκm − iσxκv)χ = λχ. (7)
2The eigenvalues can be obtained from the secular equa-
tion ∣∣∣∣ κf − λ −i(κm + κv)i(κm − κv) −κf − λ
∣∣∣∣ = 0, (8)
and are given by λ = σ
√
κ2f + κ
2
m − κ
2
v, σ = ±1. If we
set
ψ˜(x) = χφ(x), (9)
then φ(x) satisfies[
p2x +
(
κ2f + κ
2
m − κ
2
v
)
W 2 − σ
√
κ2f + κ
2
m − κ
2
vW
′
+2κvEW ] φ = E
2φ. (10)
Note that Eq.(10) is in the SUSY quantum mechanical
form, i.e., (
p2x + W˜
2 − σW˜ ′
)
φ = ǫφ, (11)
with the superpotential
W˜ (x) =
√
κ2f + κ
2
m − κ
2
v
(
W (x) +
κv E
κ2f + κ
2
m − κ
2
v
)
,
(12)
and
ǫ =
κ2f + κ
2
m
κ2f + κ
2
m − κ
2
v
E2. (13)
So one can find solution corresponding to the energy E
by matching Eq.(10) with various SUSY models, for ex-
ample as listed in [16].
From Eq.(10) we see that for |κv| > ±
√
k2m + k
2
f bound
states do not exist as the potential becomes complex.
The quantity
√
k2m + k
2
f is the critical strength of the
electric field.
III. EXAMPLES
We shall now examine a number of examples. The
situation where the mass termm(x) of Eq.(1) is constant
has been considered before [15], so we shall not discuss
this case here. Below we consider two situations: V (x) =
0, and V (x) 6= 0, while f(x),m(x) 6= 0.
A. V (x) = 0
In this case κv = 0, ǫ = E
2, and
W˜ (x) = κW (x), κ =
√
κ2f + κ
2
m. (14)
Exactly solvable models can be obtained simply by
matching Eq.(1) with appropriate SUSY models [16].
Some examples are as follows.
• Scarf II model
Take
W˜ = A tanhx+B sechx. (15)
Then
E2σ = A
2 − (A− nσ)
2, (16)
with n+ = 0, 1, 2, . . . , nmax < A for σ = 1, and n− =
1, 2, . . . , nmax < A for σ = −1
• Rosen-Morse II model
Take
W˜ = A tanhx+
B
A
, B < A2. (17)
Then
E2σ = A
2 +
B2
A2
− (A− nσ)
2 −
B2
(A− nσ)2
, (18)
with
n+ = 0, 1, 2, . . . , nmax < A, σ = 1,
n− = 1, 2, . . . , nmax < A, σ = −1. (19)
It is not difficult to see that for κv = 0, there are many
other profiles of f(x) and m(x) for which the system ad-
mits exact solutions [16]. In the next section we shall
consider the case in which V (x) 6= 0.
B. V (x) 6= 0
For this case we mention two representative examples
below.
• harmonic oscillator
The case with f(x) = κfx, V (x) = κvx and m(x) =
m+ κmx (m =constant) was studied in [3].
• Rosen-Morse II model
If we take
W (x) = α0 tanhx, (20)
then
W˜ (x) = κ
(
α0 tanhx+
κvE
κ2
)
. (21)
3Here κ is given in Eq.(14).
Comparing Eq.(21) with Eq.(17), we have
A = α0κ, B = α0κvE. (22)
Then from Eqs.(13) and (18), we find
E2σ =
α20κ
2 − (α0κ− nσ)
2
1 +
α2
0
κ2
(α0κ−nσ)2
, (23)
where n± are given by Eq.(19).
IV. ZERO ENERGY STATES
Quite often it becomes impossible to find exact ana-
lytical solutions of all energy values. It may however be
possible to find the exact analytical zero energy state. In
recent years zero energy states are of considerable inter-
est in condensed matter physics, particularly in systems
related to graphenes [17–27]. Here our objective is to
show that for a number of physically acceptable mass
function the zero energy states can be found exactly.
A. Case I
Eq.(3) with E = 0 is
∂xψ(x) = − (σzf(x) + σym(x) + iσxV (x))ψ(x). (24)
With the ansatz (2) it becomes
∂xψ(x) = − (σzκf + σyκm + iσxκv) W (x)ψ(x). (25)
Again we assume the solution to have the form
ψ(x) = χφ(x), (26)
where the spinor χ satisfies
(σzκf + σyκm + iσxκv)χ = λχ. (27)
The eigenvalues are λσ = σ
√
κ2f + κ
2
m − κ
2
v, σ = ±1, and
the corresponding eigenfunctions are
χσ ∼
(
1
i
λσ−κf
κm−κv
)
. (28)
φσ(x) is solved from the equation
∂xφσ(x) = −λσW (x)φσ(x), (29)
whose solution is
φσ(x) ∼ e
−λσ
∫
x
dxW (x)
. (30)
For the E = 0 solution, one should choose λσ and W (x)
such that φσ(x) is a square integrable function.
As an example, let us consider a generalization of the
Rosen-Morse II potential and take
W (x) = tanh2n+1 x+ µ, n = 0, 1, 2, · · · , (31)
where µ is a constant. In this case the zero energy solu-
tion is given by
φ+(x) ∼ exp {−λ+ [µx (32)
+
1
2n+ 1
2F1(1, n+ 1, 2 + n, tanh
2 x) tanh2n+2 x
]}
.
We would like to point out that it is possible to find
many other examples, e.g, a generalization of (15) for
which zero energy states can be found analytically.
B. Case II
As the second case, we consider Eq. (3) with V (x) = 0
, i.e.,
[σxpx − σyf(x) + σzm(x)− E]ψ(x) = 0. (33)
We now assume the profile of f(x) and m(x) to be
f(x) ≡
{
f+, x ≥ 0;
−f−, otherwise.
(34)
and
m(x) ≡
{
m+, x ≥ 0;
−m−, otherwise.
(35)
Here f± and m± are positive constants.
The case with f± = 0 and m+ = m− was considered in
[28] which first showed the existence of topological exci-
tations or solitons in one-dimensional systems. Extension
to the case with f± = 0 and m+ 6= m− is presented in
[29].
Following [29], we assume the wavefunction in the re-
gion x ≥ 0 to have the form
ψ(x) =
(
ψ+1
ψ+2
)
e−λ+x, λ+ > 0. (36)
For ψ(x) to satisfy Eq.(33), λ+ is solved from the related
secular equation. The solution for λ+ > 0 is
λ+ =
√
f2+ +m
2
+ − E
2. (37)
The two components of ψ(x) are related by
ψ+1 = i
λ+ + f+
E −m+
ψ+2 . (38)
Similarly, for x < 0 we take
ψ(x) =
(
ψ−1
ψ−2
)
eλ−x, λ− > 0, (39)
4with
λ− =
√
f2− +m
2
− − E
2. (40)
Now the two components of ψ(x) are related by
ψ−1 = −i
λ− + f−
E +m−
ψ−2 . (41)
The wavefunction must be continuous at x = 0. This
requires ψ+1,2 = ψ
−
1,2, which leads to
λ+ + f+
E −m+
= −
λ− + f−
E +m−
. (42)
There exists a solution to Eq.(42) if
E = 0, f+ = f− = 0, m+,m− : arbitrary, (43)
or
E = 0, f+ = f− ≡ f, m+ = m− ≡ m. (44)
The former case has been discussed in [29]. For the
latter case, the normalized wavefunction is
ψ(x) = m
√
λ
[(λ + f)2 +m2]
(
λ+f
m
i
)
e−λ|x|. (45)
We note that in the limit f → 0, the solution (45)
reduces to the Jackiw-Rebbi solution given in [28].
Also, the situation where f → −f , or m → −m can
be discussed similarly.
V. ANOTHER APPROACH TO ZERO ENERGY
STATES
In the previous section, zero energy states were consid-
ered for the Dirac oscillator system in which f(x),m(x)
and V (x) are all proportional to a function W (x) as in
Case I, or for a system whose f(x) and m(x) have similar
functional form as in Case II. Now we look for zero en-
ergy states of Eq.(33) where f(x) and m(x) are different
functions.
In terms of the component spinors Eq.(33) reads
(px − if)ψ1 = (E +m)ψ2, (px + if)ψ2 = (E −m)ψ1.
(46)
It is seen that the above equations are coupled and for the
sake of definiteness we choose to eliminate the component
ψ2. The equation for ψ1 reads
−ψ
′′
1+(f
2−f ′)ψ1+
m′ψ′1 +m
′fψ1
(E +m)
= (E2−m2)ψ1. (47)
Now writing the component spinor as
ψ1 = e
α(x)φ1, α(x) =
1
2
log(E +m), (48)
Eq.(47) may be written as
−
d2φ1
dx2
+ V1(x,E)φ1 = E
2φ1, (49)
where
V1(x,E) = f
2−f ′+
3m′
2
− 2(E +m)m′′
4(E +m)2
+
m′
(E +m)
f+m2.
(50)
Let us now search for E = 0 solutions. For E = 0 we
obtain
V1(x, 0) = (f + g)
2 − (f + g)′ +m2, g =
m′
2m
. (51)
As an example, let us take f + g = W = λ tanh x + ν,
then m2 = 2W ′ = 2λ sech2x. So we have
V1(x, 0) = (λ
2 + ν2)− λ(λ − 1) sech2x+ 2λν tanhx,
E = 0. (52)
Now comparing V1 with the potential [16]
V (x) = −A(A+ 1)sech2x+ 2B tanhx,
A,B > 0, B < A2,
En = −(A− n)
2 −
B2
(A− n)2
, (53)
we find
A = λ− 1, B = λν,
λ2 + ν2 = (λ− 1− n)2 +
λ2ν2
(λ− 1− n)2
. (54)
Rearranging (54), we get
λ2 − (λ− 1− n)2 =
[
λ2 − (λ− 1− n)2
] ν2
(λ− 1− n)2
.
So
ν = ±(λ− 1− n).
For B > 0, we should take +-sign: ν = λ − 1 − n > 0,
i.e., λ > n+ 1. For A = λ− 1 > 0, λ > 1.
The constraint B < A2 leads to
λν < (λ− 1)2 (55)
or
(n− 1)λ > −1. (56)
So
n ≥ 1, λ ≥ n+ 1 > 2, ν = λ− 1− n ≥ 0.
For these parameters, we can have consistent solutions.
5VI. CONCLUSION
In this paper we have obtained exact solutions of the
generalized DO with a position dependent mass and
with/without an electric field when the oscillator poten-
tial, the mass function, and the electric field are related.
In particular, we have obtained both zero as well as non-
zero energy solutions. It has also been shown that for
the bound states to exist the magnitude of the electric
field has to be less than a critical value. Furthermore,
zero energy solutions have been obtained even when the
inter-relation between the oscillator and the mass func-
tion is relaxed. We believe the models considered here
can be further explored with a view to obtain exact so-
lutions with other types of mass function, e.g., periodic
ones as well as studying other aspects like scattering in
Dirac materials.
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